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EQUIVARIANT COMPARISON OF QUANTUM HOMOGENEOUS
SPACES
MAKOTO YAMASHITA
Abstract. We prove the deformation invariance of the quantum homogeneous
spaces of the q-deformation of simply connected simple compact Lie groups
over the Poisson–Lie quantum subgroups, in the equivariant KK -theory with
respect to the translation action by maximal tori. This extends a result of
Neshveyev–Tuset to the equivariant setting. As applications, we prove the ring
isomorphism of the K-group of Gq with respect to the coproduct of C(Gq),
and an analogue of the Borsuk–Ulam theorem for quantum spheres.
1. Introduction
After the seminal works of Woronowicz [33] and Podles´ [24], comodule algebras
over quantum groups became known to be a rich class of ‘noncommutative spaces’
in the study of operator algebras and noncommutative geometry. One geometrically
interesting generalization of their results is given by the q-deformation Gq of a sim-
ply connected simple compact Lie group G, and the quantum homogeneous spaces
of such quantum groups developed by Reshetikhin–Takhtadzhyan–Faddeev [25] and
Vaksman–So˘ıbel′man [30].
The C∗-algebras obtained this way can be thought as continuous deformation
of the commutative algebra of continuous functions on a homogeneous space of G,
which is an ordinary compact Riemannian manifold. Standing on this viewpoint,
Nagy [18] took a KK/E-categorical approach to compute the K-groups of Gq by
utilizing continuous fields of C∗-algebras over the parameter space with fiber C(Gq).
His method was recently generalized to quantum homogeneous spaces over Poisson–
Lie quantum subgroups KS,Lq by Neshveyev–Tuset [21]. The main idea is to reduce
the comparison of K-groups to the case of deformation quantization of open discs
which appear as the symplectic leaves in the homogeneous space [12].
The categorical structure of comodule algebras over such quantum groups is
also interesting in connection with the Baum–Connes problem of quantum groups
due to Meyer–Nest [16, 17]. The analogue of the strong Baum–Connes conjecture
for the dual of Hodgkin groups allows us to cast a new light on early results of
Hodgkin [9], McLeod [15], and Snaith [27] concerning the equivariant K-groups of
G-spaces. Then, it is natural to expect that the quantum homogeneous spaces are
crucial in understanding of more general comodule algebras over Gq. Indeed, the
equivariant KK -theory of the standard Podles´ sphere plays a central role in the
proof of the strong Baum–Connes conjecture for ŜUq(2) by Voigt [32].
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The main result of this paper is that the algebra C(Gq/K
S,L
q ) of the quantum
homogeneous space is equivariantly KK -equivalent to the classical one C(G/KS,L)
with respect to the translation action of the maximal torus (Theorem 1). This ex-
tends a result of [21] to the torus equivariant setting. The proof occupies Section 3,
where we adapt the argument of [21] to the equivariant case using the equivariant
Universal Coefficient Theorem [26] and the triangulated structure of the equivariant
KK -category [16].
We observe two applications of our main theorem in Section 4. The first one
concerns the ring structure of K∗(C(Gq)) with respect to the coproduct on C(Gq)
(Theorem 2). By the continuous field comparison method, we prove thatK∗(C(Gq))
is isomorphic to K∗(G) as a ring.
The second application is an analogue of the Borsuk–Ulam theorem for the quan-
tum spheres (Theorem 3), conjectured by Baum and Hajac [3]. The theorem states
that there is no equivariant homomorphism from C(Snq ) to C(S
n+1
q ) with respect to
the antipodal action of C2 = Z/2Z. The proof, which is modelled on the argument
of Casson–Gottlieb [5], makes use of the Lefschetz number of equivariant KK -
morphisms. The crucial point is that the antipodal action on a odd-dimensional
sphere is given by a restriction of a U(1)-action, which comes from the homogeneous
space description of Snq as SUq(n)/SUq(n − 1).
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2. Preliminaries
Throughout the paper G denotes a simply connected simple compact Lie group
and g denotes its Lie algebra. We fix a maximal torus T of G, and let W denote
the associated Weyl group. We also fix a positive root system P of (G,T ) and
let Π = {αi ∣ i = 1, . . . , rkG} denote the corresponding set of the simple roots. The
associated length function on W is denoted by l(w), and the longest element by
w0, whose length is denoted by m0. By abuse of the notation we sometimes use Π
as the index set {1, . . . , rkG} for the αi. The Cartan matrix 2(αi, αj)/(αi, αi) of g
is denoted by (ai,j)i,j∈Π.
When A is a C∗-algebra, we let M(A) denote its multiplier algebra.
If A and B are C∗-algebras, A⊗B denotes their minimal tensor product unless
otherwise stated. When E (resp. F) is a right Hilbert A-module (resp. right Hilbert
B-module), E ⊗ F denotes their tensor product as a right Hilbert A⊗B-module.
The closed unit interval [0,1] is denoted by I. We let N be the set of nonnegative
integers and N+ = N∖{0}. For each subset X of N, we let χX denote the orthogonal
projection onto the subspace ℓ2X of ℓ2N.
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When A is a continuous field of C∗-algebras over I (or the half open interval(0,1]) whose fiber at q ∈ I is Aq, and X is a subset of I, we let ΓX(Aq) denote the
C∗-algebra of the continuous sections over X .
2.1. Noncommutative disks. For 0 ≤ q < 1, let C(Dq) denote the C∗-algebra
of noncommutative closed disc, which is the universal algebra generated by Zq
satisfying
1 −Z∗qZq = q
2(1 −ZqZ∗q ).
Then C(Dq) can be faithfully represented on ℓ2N by setting
(1) Zqen =
√
1 − q2(n+1)en+1 (n ∈ N).
The algebra of operators generated by this representation is equal to the Toeplitz
algebra T on ℓ2N generated by the unilateral shift operator S∶ en ↦ en+1. There
is a homomorphism C(Dq) → C(S1) given by Zq ↦ z. The kernel C0(Dq) of this
homomorphism is isomorphic to the algebra K of the compact operators. Under
the identification C(Dq) ≃ T , this corresponds to the standard extension K → T →
C(S1) induced by the map S ↦ z.
For q = 1, we formally put C(D1) = C(D) and C0(D1) = C0(D), where D ={z ∈ C ∣ ∣z∣ ≤ 1} and D = {z ∈ C ∣ ∣z∣ < 1}.
2.2. Algebras representing q-deformations. We briefly review the definition
of the compact quantum group Gq for 0 < q < 1 and related constructs. Overall we
adopt the convention of Neshveyev–Tuset [19, 21].
Recall that the quantized universal enveloping algebra Uq(g) of g is generated
by the generators Ei, Fi,K
±1
i for i ∈ Π subject to the relations
[Ki,Kj] = 0, KiEjK−1i = qai,ji Ej , KiEjK−1i = qai,ji Ej(2)
where qi = q
(αi,αi)/2, and
[Ei, Fj] = δi,jKi −K−1i
qi − q−1i
,
together with the q-analogues of the Serre relations. It is a Hopf algebra by the
coproduct ∆ˆq, whose values on the above generators are given by
∆ˆq(Ki) =Ki ⊗Ki, ∆ˆq(Ei) = Ei ⊗ 1 +Ki ⊗Ei, ∆ˆq(Fi) = Fi ⊗K−1i + 1⊗Fi.
There is a compatible ∗-algebra structure on Uq(g) defined by
K∗i =Ki, E
∗
i = FiKi, F
∗
i =K
−1
i Ei.
Let V be a representation of Uq(g). For each weight λ, let V (λ) denote the
subspace of V spanned by the vectors v satisfying Kiv = q
λ(hi)v for any i. Then,
V is said to be integrable (admissible in [19]) if it is equal to the direct sum of the
V (λ) for λ ∈ P , and is spanned by its finite-dimensional subrepresentations.
Let P+ be the set of dominant integral weights of g. The finite-dimensional
integrable irreducible representations of Uq(g) are classified by their highest weights,
which are elements of P+. We let V
(q)
λ
be the irreducible representation with the
highest weight λ. Furthermore we let U(Gq) be the algebra ∏λ∈P+ M(Vλ). Then
Uq(g) can be regarded as an appropriate dense subalgebra of U(Gq).
The space C[Gq] of the matrix coefficients of finite-dimensional integrable rep-
resentations of Uq(g) is a ∗-Hopf algebra with a unique faithful Haar state. We let
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(C(Gq),∆q) denote its C∗-algebraic closure. Its dual quantum group (C∗(Gq), ∆ˆq)
is spanned by the algebraic direct sum ⊕λ∈P+M(Vλ) of matrix algebras.
Unless otherwise stated, we consider the σ(U(Gq),C[Gq])-topology on U(Gq) in
the following. A family (φq)q∈(0,1] of ∗-isomorphisms said to be continuous if it is
compatible with the canonical identification Z(U(Gq)) ≃∏λ∈P+ C ≃ Z(U(G)), and
the families (φq(Ei))q∈(0,1], (φq(Fi))q∈(0,1], and (φq(logqi(Ki)))q∈(0,1] are continu-
ous in M(Vλ) for arbitrary i (that is, the representation under πλ of these families
are continuous in M(Vλ) for any λ). We always assume that φ1 is equal to the
identity map of U(G).
2.3. Poisson–Lie subgroups. We review the Poisson–Lie subgroup KS,L ⊂ G
and its quantization as a quantum subgroup of Gq defined by the auxiliary data(S,L), following the treatment of [21]. First, S is a subset of Π. We let gS be the
subalgebra of g generated by Ei and Fi for αi ∈ S. We let K˜S denote the closed
connected subgroup of G characterized by Lie(K˜S) = gS . Next, let (wi)rkGi=1 be the
fundamental weights associated to P , and P c(S) be the subgroup of the weight
lattice spanned by the fundamental weights wi for αi ∉ S. Then L is a subgroup
of P c(S). Since each weight can be thought as a character on T , we may take the
joint kernel TL ⊂ T of L. Then, KS,L is defined to be the closed subgroup of G
generated by K˜S and TL.
Let U(KS,Lq ) be the closed subalgebra of U(Gq) generated by TL and Ei, Fi for
αi ∈ S. The image of C[Gq] under the transpose map U(Gq)∗ → U(KS,Lq )∗ is a
∗-algebra denoted by C[KS,Lq ].
The algebra C[Gq/KS,Lq ] is by definition the subalgebra of C[Gq] consisting of
the elements f satisfying ι ⊗ π ○∆q(f) = f ⊗ 1 for the restriction map π∶C[Gq] →
C[KS,Lq ]. The closure of C[Gq/KS,Lq ] in C(Gq) is denoted by C(Gq/KS,Lq ). This
notation is consistent with the usual notion of functions over the homogeneous
space G/KS,L at q = 1.
For each t ∈ T , we have the evaluation map evt∶C(Gq) → C. Let Lt and Rt
denote the translation actions on C(Gq) defined by
Lt(f) = (evt⊗ι)∆q(f), Rt(f) = (ι⊗ evt)∆q(f).
We call Adt = LtR−t the adjoint action of T . The left translation action of T on
C(Gq) restricts to C(Gq/KS,Lq ). Since the subalgebra U(KS,Lq ) is normalized by
T , we also have a right translation action of T on C(Gq/KS,Lq ), which is trivial on
TL. Hence the right translation action can be thought as an action of T /TL.
Example 1. If S = ∅ and L = 0, the quantum subgroup KS,Lq is equal to T . Hence
C(Gq/KS,Lq ) is the algebra C(Gq/T ) of quantum flag manifold.
Example 2. LetG = SU(n) and Π = {α1, . . . , αn−1} with the standard linear ordering
satisfying (αi, αi) = 2, (αi, αi±1) = −1. Then, for S = {α1, . . . , αn−2} and L = P c(S),
we have KS,L = SU(n−1) which is embedded into the upper-left corner of G. Thus
KS,Lq can be identified with the quantum subgroup SUq(n − 1) of Gq = SUq(n).
Then the associated homogeneous space Gq/KS,Lq is the odd-dimensional quantum
sphere S2n−1q introduced by Vaksman–So˘ıbel
′man [30]. The right translation by
T /TL = U(1) is the gauge action for the standard generators z1, . . . , zn of C(S2n−1q ).
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2.4. Continuous fields of quantum spaces. We review the continuous field of
quantum spaces, following the treatment of [21].
Let ΓI(C(Dq)) denote the universal algebra C∗(Q,Z) generated by a positive
contraction Q and another element Z satisfying
∥Z∥ = 1, QZ = ZQ, 1 −Z∗Z = Q2(1 −ZZ∗).
The inclusion of C(I) ≃ C∗(Q) into C∗(Q,Z) defines the structure of a C(I)-
algebra. This way, the algebras (C(Dq))q∈I form a continuous field of C∗-algebras
such that q ↦ Zq is a continuous section. Next, the algebra ΓI(C0(Dq)) is defined
as the kernel of the homomorphism of ΓI(C0(Dq)) onto C(I) ⊗ C(S1) given by
Z → z ∈ C(S1). This defines a continuous field with fiber (C0(Dq))q∈I . By nucle-
arity of fibers, the tensor products of these C(I)-algebras over C(I) become again
continuous fields in an unique way.
Next, let us recall the field of quantum homogeneous spaces. Let φq ∶ U(Gq) →
U(G) be a continuous family of ∗-algebra isomorphisms for q ∈ (0,1] which respect
the highest weight of the irreducible modules. By transposition, we obtain a family
of coalgebra isomorphisms φq# from C[G] to C[Gq]. If we fix an closed subinterval
J of (0,1], the algebras (C(G))q∈J admit a unique structure of continuous field
such that (f(q)(φq)#(a))q∈J is a continuous section for each f ∈ C(J) and a ∈
C[G] [20, Theorem 1.2].
In other words, the algebraic tensor product C(J) ⊗C[G] becomes a ∗-algebra
by
(f1 ⊗ a)(f2 ⊗ b)(q) = f1(q)f2(q)(φq#)−1(φq#(a)φq#(b)).
There is a unique pre-C∗-norm on this algebra, such that the quotient at q ∈ J of
its C∗-algebraic closure is equal to C(Gq). We let ΓJ(C(Gq)) denote the closure
of C(J)⊗C[G]. This is a C(J)-algebra with fiber C(Gq) at q ∈ J .
Let K, S, and L be as in the previous section. We may further assume that
φq(U(KS,Lq )) = U(KS,L). This implies φq#(C[G/KS,L]) = C[Gq/KS,Lq ], and that
the subalgebra of ΓJ(C(Gq)) spanned by C(J)⊗C[G/KS,L] is a continuous subfield
whose fiber at q is C(Gq/KS,Lq ) [21, Proposition 5.3].
2.5. Braided tensor products. Next, we review the basic facts on the Yetter–
Drinfeld algebras and their braided tensor products, following the convention of
Nest–Voigt [22].
Let G be a compact quantum group. We let Cr(G) and C∗(G) denote the
reduced function algebra and the convolution C∗-algebra associated with G.
LetW denote the multiplicative unitary of G. It is a unitary operator on L2(G)⊗
L2(G) satisfying the pentagonal equation W12W13W23 =W23W12 and
Cr(G) = {ι⊗ ω(W ) ∣ ω ∈ B(L2(G))∗}∥⋅∥, C∗(G) = {ω ⊗ ι(W ) ∣ ω ∈ B(L2(G))∗}∥⋅∥.
The operator W actually belongs to M(Cr(G) ⊗ C∗(G)), and it implements the
coproducts of Cr(G) and C∗(G) by
∆∶Cr(G)→ Cr(G)⊗Cr(G), x↦W ∗(1⊗ x)W,
∆ˆ∶C∗(G)→M(C∗(G)⊗C∗(G)), y ↦ ΣW (y ⊗ 1)W ∗Σ,
where Σ is the flip map.
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The Drinfeld double D(G) of G is a locally compact quantum group whose func-
tion algebra is given by Cr0(D(G)) = Cr(G)⊗C∗(G) endowed with the coproduct
∆D(G) = (Σ ○AdW )23 ○ (∆⊗ ∆ˆ).
To have a structure of Cr0(D(G))-algebra on a C∗-algebra A is equivalent to have
that of a G-Yetter–Drinfeld algebra on A, which is given by coactions
λ∶A→M(C∗(G)⊗A), α∶A→ Cr(G)⊗A,(3)
such that the diagram
A
λ
ÐÐÐÐ→ M(C∗(G)⊗A) ι⊗αÐÐÐÐ→ M(C∗(G)⊗Cr(G)⊗A)×××Öα
×××ÖΣ12
Cr(G)⊗A ι⊗λÐÐÐÐ→ M(Cr(G)⊗C∗(G)⊗A) AdW12ÐÐÐÐ→ M(Cr(G)⊗C∗(G)⊗A)
commutes. Let a ∗ ψ = ψ ⊗ ι(λ(a)) denote the right action of ψ ∈ C[G] on A
induced by λ, and let S be the full antipode of C[G]. Then the above compatibility
condition between λ and α can be written as
(4) α(a ∗ψ) = (ψ(1)α(a)1S(ψ(3)))⊗ (α(a)2 ∗ψ(2)).
Let A be a G-Yetter–Drinfeld algebra, whose coactions are respectively given
by λA and αA as in (3). When B is a C
∗-algebra with a coaction αB of C
r(G),
we obtain the braided tensor product A ⊠G B [22, Section 3; 29], which is the C
∗-
algebra linearly spanned by the operators of the form λA(a)αB(b) considered as
endomorphisms of the right Hilbert A ⊗ B-module L2(G) ⊗ A ⊗ B. There is a
structure of a G-algebra on A⊠G B given by the coaction
A ⊠G B → C
r(G)⊗A ⊠G B, λA(a)αB(b)↦ λA(αA(a))123αB(αB(b))124.
Suppose in addition that there is a coaction λB of C
∗(G) on B satisfying the
G-Yetter–Drinfeld algebra condition. Then A ⊠G B becomes a G-Yetter–Drinfeld
algebra by the above coaction of Cr(G) and the coaction of C∗(G) defined by
A ⊠G B → C
∗(G)⊗A ⊠G B, λA(a)αB(b)↦ λA(λA(a))123αB(λB(b))124.
Remark 3. The algebra Cr(G) is a G-Yetter–Drinfeld algebra. The coaction α
in (3) is given by the coproduct ∆ of Cr(G), and the one λ of C∗(G) is by the left
adjoint coaction. The braided tensor product of Cr(G) with itself is isomorphic to
Cr(G)⊗Cr(G), via the isomorphism
(5) Cr(G)⊠Cr(G)→ Cr(G)⊗Cr(G), λ(a)12δ(b)13 ↦ (a⊗ 1)∆(b).
2.6. Induction of coaction. Finally, let us review the theory of induction of
coactions of compact quantum groups, following the treatment of Vaes [29] and [22].
In this section G denotes a compact quantum group and K denotes its closed
quantum subgroup. We consider the reduced coactions of G and K throughout
(although we formulate the results in this generality, later we will only need the
case where G = Gq and K = T ).
In this section we let M denote the von Neumann algebra L∞(G) represented
on L2(G) by the GNS representation of the Haar state, and M ′ its commutant.
We let RK denote the right translation coaction M →M ⊗L
∞(K).
Let A be a C∗-algebra endowed with a coaction α of K, and put
A˜ = {X ∈M(K(L2(G))⊗A) ∣X ∈ (M ′ ⊗C)′,RK ⊗ ι(X) = ι⊗α(X)} .
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We consider the natural representation of A˜ by endomorphisms of the right C∗-A-
module L2(G)⊗A. As before, W denotes the fundamental unitary of G. Then we
may take a homomorphism
∆⊗ ι∶ A˜→ End(L2(G)⊗L2(G)⊗A)A, X ↦ AdW∗
12
(X23).
The induced algebra IndGKA can be characterized as the unique C
∗-subalgebra
of A˜ satisfying the following conditions [29, Theorem 7.2].
● ∆ ⊗ ι restricts to a homomorphism IndGKA → C
r(G) ⊗ IndGKA, which is a
continuous coaction of Cr(G).
● ∆ ⊗ ι∶ A˜ →M(K(L2(G))⊗ IndGKA) is well defined and strictly continuous
on the unit ball of A˜.
● the representation of IndGKA on L
2(G)⊗A is nondegenerate, i.e. the sub-
space (IndGKA)(L2(G)⊗A) is dense in L2(G)⊗A.
For the second condition, we are considering the restriction of the strict topology
on M(K(L2(G))⊗A) to A˜.
The following description of induced algebra should have been known to experts,
but we include it for the sake of completeness.
Proposition 4. Let A be a K-algebra. Then the C∗-subalgebra
(6) D = {X ∈ Cr(G)⊗A ∣ RK ⊗ ι(X) = ι⊗α(X)}
of A˜ satisfies the above conditions for IndGK(A).
Proof. The first condition is satisfied by the commutativity of the left and right
translations. The third one follows from the fact that D contains Cr(G/K)⊗ Aα
whose action is already nondegenerate on L2(G) ⊗ A, thanks to the compactness
of G.
Let us observe that the second condition also holds. First, we regard K(L2(G))
as the reduced crossed product C∗(G) ⋊
∆ˆ
Cr(G) of C∗(G) by itself with respect
to the coaction ∆ˆ. The dual coaction is given by ∆ on the copy of Cr(G) and the
trivial one on the copy of C∗(G). Hence we obtain a C∗-algebra homomorphism
∆⊗ ι∶K(L2(G))⊗A→ K(L2(G))⊗Cr(G)⊗A,
which induces a strictly continuous homomorphism between the multiplier algebras.
The restriction of this homomorphism to A˜ agrees with AdW12 . Finally, it can be
easily seen that the image of A˜ under ∆⊗ ι is contained in M(K(L2(G))⊗D). 
We note that, if K is an ordinary compact group, the above construction is
equal to taking the fixed point algebra (Cr(G) ⊗ A)K under the diagonal action
k.(f ⊗ a) = Rk−1(f)⊗αk(a) for f ∈ Cr(G), a ∈ A and k ∈ K.
The above construction and the correspondence
(7) HomK−alg(A,B) → HomG−alg(IndGKA, IndGKB), f ↦ (IdCr(G)⊗f)∣IndG
K
A
of equivariant homomorphisms define a functor IndGK from the category of K-
algebras to that of G-algebras.
Let A1,A2 be G-algebras whose coactions are denoted by αi∶Ai → C
r(G) ⊗Ai
for i = 1,2. Recall that a cycle in KKG(A1,A2) is represented by a triple (E ,X,F )
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where (E , F ) is a Kasparov A1-A2-bimodule, and X ∈ End(Cr(G) ⊗ E)Cr(G) is a
corepresentation of Cr(G) on E , satisfying the equivariance condition
(X(1⊗ ξ),X(1⊗ η))Cr(G)⊗A2 = α2((ξ, η)A2),
X(1⊗ ξa2) = (X(1⊗ ξ))α2(a2), X(1⊗ a1ξ) = α1(a1)X1⊗ ξ,
and the almost invariance condition
(1⊗ a1)(1⊗F −X∗(1⊗ F )X) ∈ Cr(G)⊗K(EA2),
where ai ∈ Ai and ξ ∈ E . Let hG be the Haar state of C
r(G), and put F˜ =
hG ⊗ ι(X∗(1 ⊗ F )X). As in the case of ordinary compact groups, the G-invariant
operator F˜ defines an A1-A2-Kasparov bimodule which is in the same class as F .
Let (E ,X,F ) be an equivariant KasparovB1-B2-bimodule satisfying [X,1⊗F ] =
0. The induced Kasparov bimodule can be described as follows. First, put
IndGK E = {ξ ∈ Cr(G)⊗ E ∣ RK ⊗ ι(ξ) = ι⊗X(ξ13)} .
Then the restriction of the Cr(G)⊗B2-valued inner product to IndGK E takes value
in IndGKB2 by Proposition 4. The restriction of ∆ ⊗ ι defines a G-equivariant bi-
module structure on this bimodule. Furthermore, the K-invariance of F implies
that 1 ⊗ F preserves IndGK E and defines an Ind
G
KB1-Ind
G
KB2-Kasparov bimodule.
This procedure defines a functor IndGK from KK
K to KKG which extends (7). By
the uniqueness of such extension, this agrees with the induction functor between
the equivariant KK -categories defined in [22].
By the regularity of G, the restriction of G-coactions to K-coactions makes sense.
It induces the the restriction functor ResGK∶KK
G
→ KK
K. Then IndGK is right adjoint
to ResGK, in the sense that we have a natural isomorphism
(8) KKK(ResGK(A),B) ≃ KKG(A, IndGK(B))
for any G-algebra A and K-algebra B [22, Proposition 4.7].
When A is a K-Yetter–Drinfeld algebra, IndGKA has a structure of a G-Yetter–
Drinfeld algebra [22, Theorem 3.4]. In view of (4) and (6), the action of C[G] on
D given by
(f ⊗ a).ψ = (ψ(1)fS(ψ(3)))⊗ (a ∗ψ(2)), (f ⊗ a ∈D,ψ ∈ C[G])
characterizes the coaction of C∗(G) on IndGKA. Here, the right action of C[G] on
A is induced by the coaction of C∗(K) and the embedding C∗(K)→M(C∗(G)).
Applying this to the K-Yetter–Drinfeld algebra C, we obtain that Cr(G/K) =
IndGKC is a G-Yetter–Drinfeld algebra. We then have a natural isomorphism [29,
Theorem 8.2]
(9) IndGKRes
G
K(A) ≃ Cr(G/K)⊠G A
when A is a G-algebra (this also follows from the description (6) of IndGK).
Example 5. We may view C(Gq) and C(T ) as T -algebras by the left translation
action of T on these algebras. For the induction from C(Gq), we have
Ind
Gq
T C(Gq) = C(Gq/T )⊠C(Gq) = (C(Gq)⊗C(Gq))ρ−1⊗λ(T )
by (9) and Remark 3. For the one from C(T ), we have
Ind
Gq
T C(T ) = C(Gq),
by (6).
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3. Equivariant comparison of quantum manifolds
3.1. Quantum symplectic leaves. Let α and γ be the standard generators of
C(SUq(2)) satisfying
α∗α + γ∗γ = 1, αα∗ + q2γγ∗ = 1, γ∗γ = γγ∗, αγ = qγα, αγ∗ = qγ∗α.
There is a C∗-algebra homomorphism from C(SUq(2)) onto C(Dq) defined by
α ↦ Z∗q , γ ↦ −(1 −ZqZ∗q ) 12 .(10)
By composing this with (1), we obtain a representation ρq of C(SUq(2)) on ℓ2N.
The homomorphism (10) restricts to an isomorphism between C(SUq(2)/U(1))
and the unitization C0(Dq)+ of C0(Dq). We record the image of generators of
C(SUq(2)/U(1)) under this map:
αα∗ ↦ Z∗qZq, αγ
∗
↦ −Z∗q (1 −ZqZ∗q ) 12 , γγ∗ ↦ (1 −ZqZ∗q ).
Let σt be the action of U(1) on C(SUq(2)) defined by
σt(α) = e2piitα, σt(γ) = γ.
It is a rescaled action of the modular automorphism group of the Haar state. It is
also related to the translation actions by σ2t(x) = LtRt(x). Similarly, the action
τt(α) = α, τt(γ) = e2piitγ
of U(1) corresponds to the scaling group, and satisfies τ2t(x) = LtR−t(x).
Let Ut be the unitary representation of U(1) on ℓ2N defined by
(11) Uten = e
2piinten (n ∈ N).
Via (1), the adjoint action AdUt on T is identified with the rotation action Zq ↦
e−2piitZq of U(1) on C(Dq). It follows that the representation ρq is equivariant with
respect to σt and AdUt .
3.2. Equivariant comparison of quantum discs.
Lemma 6. Let k be a positive integer. For each q ∈ I, the embedding
(12) ι∶C → C(Dq)⊗⋯⊗C(Dq)´udcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymod¸udcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymod¶
k×
induces a KKU(1)
k
-equivalence.
Proof. Suppose that the assertion is verified for k = 1, with the inverse β of ι in
KK
U(1)(C(Dq),C). Then the morphism β⊗k will be the inverse of (12). Hence it
is enough to prove the assertion for k = 1.
We first deal with the case q = 1. The evaluation at the origin ev0 defines a
U(1)-equivariant extension C0(D∖{0})→ C(D) → C. Since the kernel C0(D∖{0})
is equivariantly contractible, ev0 induces a KK
U(1)-equivalence which is obviously
inverse to ι.
Next we consider the case q < 1. Then we may use the following U(1)-equivariant
graded Kasparov T -C-bimodule β, already considered by Pimsner in the non-
equivariant context [23, Definition 4.3 and Theorem 4.4]. His argument applies
to our setting without change, but we review it for the reader’s convenience.
The graded Hilbert space for β is given by ℓ2N⊕ ℓ2N+, endowed with the action
of U(1) defined by (11) on each direct summand. We consider the natural action
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π of T on the first summand ℓ2N. On the second one, it is given by the truncation
χN+πχN+ . The odd Fredholm operator for β is given by the transposition of the
two summands, and δ0 ⊕ 0↦ 0.
On the one hand, it can be easily seen that the Kasparov product [ι] ⊗T β
equals the identity morphism of KK T (C,C). On the other hand, the morphism
β ⊗C [ι] − [IdT ] is represented by the following Hilbert T -bimodule. The graded
space is (ℓ2N ⊗ T ) ⊕ (ℓ2N ⊗ T ) endowed with the diagonal action (Ut ⊗ AdUt)⊕2
of U(1). The right action of T is given by the right multiplication action on the
second tensor component of each direct summand. The left action of T on the first
copy of ℓ2N⊗C T is given by π ⊗ IdT , and on the second copy by
(13) x↦ χ{0} ⊗ πl(x) + (χN+π(x)χN+)⊗ IdT ,
where πl is the left multiplication action of T on itself. By a T -compact pertur-
bation, the ‘T -Fredholm’ operator can be given by the permutation of two direct
summands.
Now, we construct a continuous homotopy between (13) and π ⊗ IdT . For each
t ∈ [0,1], consider the operator
Stδ0 ⊗ x = cos(π
2
t)δ1 ⊗ x + sin(π
2
t)δ0 ⊗ Sx, Stδk ⊗ x = δk+1 ⊗ x (x ∈ T , k ∈ N+).
Then one has a homomorphism πt∶ T → L(ET ) by πt(S) = St at each t. They satisfy
πt − πt′ ∈ K(ET ), and from the choice of St above it follows that the connecting
morphisms πt remain U(1)-equivariant. The morphism π1 agrees with (13), while
the one π0 equals the degenerate representation (π ⊗ IdT ) ⊕ (π ⊗ IdT ). Hence we
obtain β ⊗C ι − [IdT ] = 0 in KKU(1)(T ,T ). 
Consider the action of U(1) on ΓI(C(Dq)) defined by
σt(Q) = Q, σt(Z) = e2piitZ.
This is a fiberwise action over I, given by AdUt at each q ∈ [0,1) modulo the
representation (1), and the rotation of the disc around the origin at q = 1.
In the following proposition we observe that the evaluation map at any point
induces an equivariant KK -equivalence. Note that the KK -equivalence without
the torus action was proved in [21, Lemma 6.3].
Proposition 7. Let k ∈ N and i1, . . . ik be positive integers. For any q0 ∈ I, the
evaluation map evq0 for the U(1)k-C(I)-algebra
(14) ΓI (C0(Dqi1 )⊗⋯⊗C0(Dqik ))
is a KKU(1)
k
-equivalence. The K
U(1)k
0 -group of this algebra is the free R(U(1)k)-
module of rank one.
Proof. Without the loss of generality we may simplify to the case i1 = ⋯ = ik = 1.
The assertion is equivalent to that the kernel of evq0 is KK
U(1)k -contractible. When
q0 = 1, the kernel of ev1 is the space of C0-sections of the constant field over [0,1)
with fiber C0(D0)⊗k, which is equivariantly contractible.
Suppose that q0 < 1. We have the decomposition
ker(evq0) = ker(evq0 ∣Γ[0,q0](C0(Dq)))⊕ ker(evq0 ∣Γ[q0,1](C0(Dq))).
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By the triviality of the field (C0(Dq))q∈[0,1), the first summand of the right hand side
is equivariantly contractible. By reparametrization, the left hand side is isomorphic
to ker(ev0). It follows that we may suppose q0 = 0.
For 0 ≤m ≤ k, let Ak,m denote the U(1)k-C(I)-algebra
ΓI(C0(Dq)⊗⋯⊗C0(Dq)´udcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymod¸udcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymod¶
m×
⊗C(Dq)⊗⋯⊗C(Dq)´udcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymod¸udcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymod¶
(k−m)×
).
Its fiber at q is denoted by A
(q)
k,m
. This algebra is isomorphic to C0(Dq)⊗m ⊗
C(Dq)⊗(k−m).
We argue by induction on k and m that KU(1)
k(A(q)
k,m
) ≃ R(U(1)k) and that the
evaluation map ev0 induces an isomorphism of R(U(1)k)-modules.
First, let us consider the casem = 0. By the first part of this proof and Lemma 6,
the K
U(1)k
0 -groups of both ΓI(C(Dq)⊗k) and C(D0)⊗k are isomorphic to R(U(1)k).
The evaluation map sends the class of unit of ΓI(C(Dq)⊗k) to that of C(D0)⊗k,
which are basis of the K
U(1)⊗k
0 -groups.
Now, the U(1)k-algebra Ak,0 is in the equivariant bootstrap class by Lemma 6.
Since it has an R(U(1)k)-projective KU(1)k∗ -group, we can apply the equivari-
ant Universal Coefficient Theorem [26, Theorem 10.1] to conclude that ev0 is a
KKU(1)
k
-equivalence when m = 0.
Next, suppose that the assertion was proved for the continuous fields Ak′,m′
satisfying k′ < k and Ak,m′ for m
′ ≤m. Let us first verify that the map ev0 induces
an isomorphism between the U(1)k-equivariant K0-groups of Ak,m and A(0)k,m. We
have the extension
(15)
Ak,m+1 ÐÐÐÐ→ Ak,m ÐÐÐÐ→ B
ev0
×××Ö ev0
×××Ö ev0
×××Ö
A
(0)
k,m+1 ÐÐÐÐ→ A
(0)
k,m ÐÐÐÐ→ B
(0)
,
where B is the U(1)k-C(I)-algebra defined by
B = ΓI(C0(Dq)⊗⋯⊗C0(Dq)´udcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymod¸udcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymod¶
m×
⊗C(S1)⊗C(Dq)⊗⋯⊗C(Dq)´udcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymod¸udcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymod¶
(k−m−1)×
).
Now, the evaluation map for B is the tensor product of the maps ev0 for the
C(I)-algebras Ak−1,m and C(S1)⊗C(I). By the induction assumption, the former
is a KKU(1)
k−1
-isomorphism. The latter is trivially an KKU(1)-isomorphism. Hence
ev0 for B is an KK
U(1)k -isomorphism. Next, the evaluation for Ak,m is again an
KK
U(1)k -isomorphism by the induction assumption.
Since the algebras B and B(0) are nuclear, the rows in the diagram (15) are split
extensions of U(1)k-algebras. Hence these can be identified with (parts of) mapping
cone triangles [16, Section 2.3]. Since the category KKU(1)
k
is an triangulated
category with the mapping cone triangles as its exact triangles [16, Proposition 2.1],
the evaluation map for Ak,m+1 is also an KK
U(1)k-isomorphism.
It remains to show that the U(1)k-equivariant K-group of Ak,m+1 is a free
R(U(1)k)-module of rank one. On the one hand, the Green–Julg isomorphism
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implies
K
U(1)k
∗ (B(0)) ≃K∗(U(1)k ⋉B(0)) ≃K∗(U(1)k−1 ⋉Ak−1,m)⊗U(1) ⋉C(S1).
The right hand side of this formula is isomorphic to K
U(1)k−1
∗ (Ak−1,m), which is
in turn isomorphic to R(U(1)k−1) as an R(U(1)k−1)-module by the induction hy-
pothesis. The structure of the R(U(1)k)-module on it is induced by the group
homomorphism
φm∶U(1)k → U(1)k−1, (t1, . . . , tk) ↦ (t1, . . . , tm, tm+2, . . . , tk).
On the other hand, by the induction hypothesis for Ak,m, we also know that
K
U(1)k
∗ (A(0)k,m) is isomorphic to R(U(1)k). Applying the functor KU(1)k∗ to the
bottom row of (15), we obtain a 6-term exact sequence
K
U(1)k
0 (Ak,m+1) ÐÐÐÐ→ R(U(1)k) (φm)∗ÐÐÐÐ→ R(U(1)k−1)uparrow×××
×××Ö
0 ←ÐÐÐÐ 0 ←ÐÐÐÐ K
U(1)k
1 (Ak,m+1)
.
From this we obtain K
U(1)k
0 (Ak,m+1) ≃ R(U(1)k) and KU(1)k1 (Ak,m+1) ≃ 0, which
proves the assertion. 
3.3. Equivariant comparison of quantum homogeneous spaces. For each
simple root αi, there is a ∗-Hopf algebra homomorphism Uqi(sl2) → Uq(g) defined
by
E ↦ Ei, F ↦ Fi, K ↦Ki.
Its transpose extends to a ∗-homomorphism σi∶C(Gq) → C(SUqi(2)). Then πi =
ρqiσi is a representation of C(Gq) on ℓ2N.
By construction the operators generated by the torus U(1) in U(SUqi(2)) is
mapped to the subalgebra generated by Ki in U(Gq).
Let ai denote the i-th column vector (aj,i)j∈Π of the Cartan matrix of g. It
defines a homomorphism αi∶T → U(1). By the relations (2) and qai,ji = qaj,ij , the
homomorphism σi intertwines the adjoint action of T on C(Gq) and the one ταi(t)
on C(SUqi(2)) by
(16) σi(Adt(f)) = ταi(t)(σi(f)).
For each element w of W , we shall choose and fix an reduced presentation
w = si1(w)⋯sik(w).
Then we obtain an irreducible representation πw of C(Gq) on ℓ2N⊗k defined by
πw = (πi1(w) ⊗⋯⊗ πik(w))∆(k−1)q .
For the neutral element e ∈W , the representation πe is understood to be the counit
map ǫ∶C(Gq)→ C. Finally, we put πw,t = πw○Rt for each t ∈ T . The representations(πw,t)w∈W,t∈T give a complete parametrization of the irreducible representations of
C(Gq) [12].
Let us describe the relationship between Lt and πsi,t. By (16) and the equivari-
ance of ρqi for σt and AdUt , we obtain
πi(Lt(f)) = AdUαi(t)πiR2ιi(αi(−t))+t(f),
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where ιi is the inclusion of U(1) in T corresponding to the subgroup eihi ⊂ T . The
expression si(t) = 2ιi(αi(−t)) + t is nothing but the standard action of si on T ,
which extends to an action of W .
Iterating the above argument using ∆
(m−1)
q Lt = (Lt ⊗ ι⊗m−1)∆(m−1)q and (Rt ⊗
ι)∆q = (ι⊗Lt)∆q, we obtain the following lemma.
Lemma 8 (c.f. [21, Lemma 3.4]). Let 0 < q < 1, w ∈ W and t ∈ T be given. For
1 ≤ k ≤m = l(w), put xk = αik(sik−1(w)⋯si1(w)(t)). Then we have
(17) πw(Lt(f)) = ((AdUx1 ○ πi1(w))⊗⋯⊗ (AdUxm ○ σim(w)))∆(k−1)q (Rw(t)f).
As in Section 2.3, let S be a subset of Π and L be a subgroup of P c(S). Let
WS denote the set of elements w ∈W satisfying w(αi) ∈ P for all αi ∈ S. For each
0 ≤m ≤m0, put
J (q)m = ∩{kerπw,t ∩C(Gq/KS,L) ∣ w ∈WS , l(w) =m, t ∈ T} .
It is a T × (T /TL)-invariant bilateral ideal of C(Gq/KS,L). By [21, Theorem 3.1],
we obtain a composition sequence
(18) 0 = J (q)m0 ⊂ J (q)m0−1 ⊂ ⋯ ⊂ J (q)0 ⊂ J (q)−1 = C(Gq/KS,Lq ),
satisfying
(19) J
(q)
m−1/J (q)m ≃ ⊕
w∈WS ,
l(w)=m
C(T /TL)⊗C0(Dqi1(w))⊗⋯⊗C0(Dqim(w)),
given by the surjective map a ↦ (t ↦ πw,t(a))w from J (q)m−1 to the right hand side.
Remark 9. By the definitions of πw,t and the isomorphism (19), the left translation
action of t ∈ T on J
(q)
m−1/J (q)m corresponds to
(20) ⊕
w∈WS ,
l(w)=m
L
(T /TL)
w(t)
⊗ σαi1(w)(t) ⊗ σαi2(w)(si1(w)t) ⊗⋯⊗ σαim(w)(sim−1(w)⋯si1(w)t),
where L
(T /TL)
t denotes the translation on T /TL by t ∈ T . The right translation
action of T /TL induces the translation action on C(T /TL) and the trivial action on
the rest.
For the case q = 1, we have the embeddings γi∶SU(2) → G associated to each
i ∈ Π. By composing with the embedding of D into SU(2) given by
z →
⎛⎜⎝
z
√
1 − ∣z∣2
−
√
1 − ∣z∣2 z
⎞⎟⎠ ,
we obtain embeddings of discs
γw ∶D
k
→ G, (z1, . . . , zk) ↦ γi1(w)(z1)⋯γik(w)(zk).
The adjoint action of T on Img(γw) is given by the following action determined by
the maps αi1(w), . . . , αik(w) which is linear with respect to the coordinate given by
γw [13, Proposition 5]:
(21) t.γw(z1, . . . , zk) =
γw (αi1(w)(t).z1, αi2(w)(si1(w)t).zk . . . , αik(w)(sik−1(w)⋯si1(w)t).zk) .w(t).
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Thus, we may interpret Lemma 8 as an analogue of this formula in the quantum
setting.
For each w ∈W , we consider a continuous T -C(I)-algebra
Aw = ΓI(C0(Dqi1(w))⊗⋯⊗C0(Dqik(w)))
whose fiber is given by
A(q)w = C0(Dqi1(w))⊗⋯⊗C0(Dqik(w)) = Img(πw),
endowed with the action of T given by
σαi1(w)(t)
⊗ σαi2(w)(si1(w)t) ⊗⋯⊗ σαim(w)(sim−1(w)⋯si1(w)t)
for q < 1 and by (21) at q = 1.
Proposition 10. Let w ∈W and J be a closed subinterval of I. Then the evaluation
map ΓJ(A(q)w ) → A(q0)w induces a KKT -equivalence for each q0 ∈ J .
Proof. Since the field (A(q)w )q∈I is trivial over [0,1), we may restrict to the case
J = I. The T -C(I)-algebra Aw is given by (14) with respect to the integer sequence
⎛
⎝
(αi1(w), αi1(w))
2
, . . . ,
(αik(w), αik(w))
2
⎞
⎠ .
Moreover, the action of T is induced by the homomorphism
T → U(1)k, t↦ (αi1(w)(t), αi2(w)(si1(w)t), . . . , αim(w)(sim−1(w)⋯si1(w)t)).
Hence we obtain the assertion by Proposition 7. 
We have seen in Section 2.4 that the C∗-algebras C(G/KS,Lq ) form a continuous
field in an essentially unique way. This can be considered as a field of T × (T /TL)-
algebras coming from the fiberwise left and right translations of T .
Regarding this field, we obtain the following T × (T /TL)-equivariant equivalence
for the evaluation maps. The equivalence without the action of T × (T /TL) was
already proved in [21, Theorem 6.1].
Theorem 1. Let J be a closed subinterval of (0,1] and q0 ∈ J . Then the evaluation
map
evq0 ∶ΓJ(C(Gq/KS,Lq ))→ C(Gq0/KS,Lq0 )
induces a KKT×(T /TL)-equivalence.
Proof. We first note that the ideals J
(q)
m for q ∈ J form a T × (T /TL)-invariant
continuous subfield of (C(Gq/KS,Lq ))q∈J . We argue by induction that the evaluation
map ΓJ(J (q)m )→ J (q0)m is an equivalence of the KKT×(T /TL)-category.
The case for m =m0 trivially holds as J
(q)
m0 is the zero ideal. Now, suppose that
evq0 is a KK
T -equivalence for the bundle (J (q)m )q∈J . From (19), one obtains the
equivariant exact sequence
(22) 0→ ΓJ(J (q)m )→ ΓJ(J (q)m−1)→ ⊕
w∈WS ,
l(w)=m
C(T /TL)⊗ ΓJ(A(q)w )→ 0.
This extension is compatible with the evaluation homomorphism evq0 of each field.
By Proposition 10 and Remark 9, evq0 is a KK
T×(T /TL)-equivalence for the quo-
tient of (22). Since the quotient is nuclear, we have a completely positive splitting
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of this extension, and it can be identified with a (part of) mapping cone trian-
gle. The induction hypothesis for the middle column, together with the fact that
KK
T×(T /TL) is a triangulated category imply that the evaluation map of ΓJ(J (q)m−1)
is also a KK T×(T /TL)-equivalence. 
Remark 11. S. Neshveyev pointed out the following partial strengthening of the
above result. Let H be a locally compact group. We say that a continuous field
of H-algebras A = (Aq)q∈J on an interval J is an RKKH -fibration [6] if A is
RKKH -equivalent to the constant field with fiber Aq for any q. Then the field(C(Gq/KS,Lq ))q is an RKK T /TL -fibration with respect to the right translation ac-
tion. Indeed, Proposition 10 and [6, Corollary 1.6] implies that ΓJ(A(q)w ) is an
RKK -fibration. Hence the quotient field in (22) is an RKK T /TL -fibration. Since
the equivariant RKK -category is triangulated and splitting exists as a T /TL-C(I)-
linear completely positive map [4, The´ore`me 7.2], we may use the induction on the
ideals ΓJ(J (q)m ) as above.
4. Applications
4.1. Ring structure of K∗(C(Gq)). The coproduct homomorphism ∆q ∶C(Gq)→
C(Gq)⊗C(Gq) induces a map fromK∗(C(Gq)⊗C(Gq)) to K∗(C(Gq). Combining
this with the external Kasparov product
KK (C(Gq),C) ×KK (C(Gq),C)→ KK (C(Gq)⊗C(Gq),C),
we obtain an associative product
(23) x ⋅ y =∆q ⊗C(Gq)⊗C(Gq) (y ⊗ x)
on the K-homology group K∗(C(Gq)).
The continuous field (C(Gq))q∈(0,1] can be thought as a field of Hopf C∗-algebras
in the following way. Let (φq)q∈(0,1] be a continuous family of isomorphisms from
U(Gq) to U(G), and J be a closed subinterval of (0,1]. Now, we can define a
∗-algebra homomorphism from C(J)⊗C[G] into ΓJ(C(Gq)⊗C(Gq)) by f ⊗ a ↦(f(q)∆q(φq#(a)))q∈J . The norm on C(J)⊗C[G] induced by this homomorphism
also satisfies the condition of the C(J)-algebra norm on C(J)⊗C[G] in Section 2.4.
Hence it induces a C(J)-algebra homomorphism
∆∗∶ΓJ(C(Gq))→ ΓJ(C(Gq)⊗C(Gq)).
Theorem 2. The ring K∗(C(Gq)) is mutually isomorphic for q ∈ (0,1].
Proof. Let J be an arbitrary closed subinterval of (0,1]. For each t ∈ J , we let Evt
denote the functor from RKK (J ;−,−) to KK given by the evaluation at t. By
Remark 11,
(24) Evt∶RKK (J ; ΓJ(C(Gq)),C(J))→ KK (C(Gt),C)
is an isomorphism of abelian groups for any t ∈ J .
For x and y in RKK (J ; ΓJ(C(Gq)),C(J)), put
x ⋅ y =∆∗ ⊗ΓJ (C(Gq)⊗C(Gq)) (y ⊗C(J) x).
This defines a product structure on RKK (J ; ΓJ(C(Gq)),C(J)) such that (24)
becomes a ring homomorphism. 
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Remark 12. The ring K∗(C(G)) is the K-homology group of the compact topo-
logical space G endowed with the ring structure induced by the group law map
G ×G→ G.
4.2. Induction-restriction and the K-homology ring struture. The above
ring structure can be described in terms of the induction procedure and operations
on the T -equivariant KK -groups. The starting point is the Green–Julg isomor-
phism [31, Proposition 5.11]
(25) K∗(C(Gq)) ≃ KKT∗ (ResGqT C(Gq),C(T )).
Let η∶C(Gq)→ IndGqT C(Gq) be the structure morphism of adjunction (8) for the
case of A = C(Gq). This homomorphism can be identified with the embedding of
C(Gq) into the second component of C(Gq/T )⊠Gq C(Gq) [22, the proof of Propo-
sition 4.7]. Unwrapping the identification (25), we see that the product structure
on K∗(C(Gq)) corresponds to the operation
x ⋅ y = [η]⊗
Ind
Gq
T
C(Gq)
Res
Gq
T Ind
Gq
T (x)⊗C(Gq) y
on KK T (C(Gq),C(T )).
Carrying out the above consideration within the framework of continuous field,
we can give an alternative, although seemingly unnecessarily complicated, proof of
Theorem 2. We sketch the argument in the rest of the section.
Let us fix a closed subinterval J of (0,1]. Then, we can consider the notion
of a ΓJ(C(Gq))-algebra, which is given by a C(J)-algebra A endowed with the
‘coaction’ map
α∶A → ΓJ(C(Gq))⊗C(J) A
satisfying α13α23 = (∆∗)12α23. For example, the algebras
ΓJ(C(Gq)), ΓJ(C(Gq) ⊠Gq C(Gq)), ΓJ(C(Gq/T )⊠Gq C(Gq))
have natural structures of ΓJ(C(Gq))-algebra. The Gq-algebra homomorphisms(η∶C(Gq) → C(Gq/T )⊠C(Gq))q∈J patch together and define a ΓJ(C(Gq))-algebra
homomorphism
η∗∶ΓJ(C(Gq))→ ΓJ(C(Gq/T )⊠C(Gq)).
The continuous field (C(Gq))q∈J admits the ‘fiberwise right translation’ coaction
RT -C(J)∶ΓJ(C(Gq))→ ΓJ(C(Gq)⊗C(T ))
by T . When A is a T -C(J)-algebra given by the coaction α∶A→ C(T )⊗A, we can
define its induction to a ΓJ(C(Gq))-algebra defined by
Ind
ΓJ(C(Gq))
T -C(J)
A = {x ∈ ΓJ(C(Gq))⊗C(J) A ∣ (RT -C(J))12(x) = α23(x)} .
Furthermore, the endofunctor A↦ ResT Ind
ΓJ(C(Gq))
T -C(J)
A on the category of T -C(J)-
algebras can be extended to an endofunctor on RKK T (J ;−,−).1
An argument similar to Remark 11 shows that ΓJ(C(Gq)) is anRKK T -fibration
with respect to the left translation by T . Thus,
Evt∶RKK
T (J ; ΓJ(C(Gq)),C(T )⊗C(J))→ KKT (C(Gp),C(T ))
1It should be able to define the ‘fiberwise Gq-equivariant KK -category’ KK
ΓJ (C(Gq)) which
serves as the receptacle of the factorization Ind
ΓJ (C(Gq))
T -C(J)
∶RKKT (J ;−,−) → KKΓJ(C(Gq)) and
Res
ΓJ(C(Gq))
T -C(J)
∶KKΓJ (C(Gq)) → RKKT (J ;−,−), but we do not dare to do that in this paper.
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is an isomorphism of abelian groups for any t ∈ J .
When x and y are elements in RKK T (J ; ΓJ(C(Gq)),C(T )⊗C(J)), put
x ⋅ y = η∗ ⊗ΓJ(C(Gq/T )⊠C(Gq)) ResT Ind
ΓJ (C(Gq))
T -C(J)
(x)⊗ΓJ(C(Gq)) y.
It defines a ring structure on RKK T (J ; ΓJ(C(Gq)),C(T )⊗C(J)) such that Evt
becomes a ring homomorphism for each t. This proves Theorem 2.
4.3. The Borsuk–Ulam theorem for the quantum spheres. Let C2 denote
the cyclic group of order 2. We consider the n-sphere Sn as a C2-space with respect
to the antipodal map x ↦ −x, where we consider Sn as the unit sphere of Rn+1.
The Borsuk–Ulam theorem states that there is no C2-equivariant continuous map
from Sn+1 to Sn. Since Borsuk’s initial proof, there have been numerous alternative
proofs and generalizations of the problem. See [14, 28] for an overview.
In this section we show that the odd-dimensional quantum spheres S2n+1q of
Example 2 and the even-dimensional ones S2nq introduced by Hong–Szyman´ski [10]
satisfy an analogous statement, as conjectured by Baum–Hajac [3].
Let us briefly review the construction of quantum spheres. The algebra C(S2n−1q )
is generated by the elements z1, . . . , zn satisfying
zjzi = qzizj (i < j), z∗j zi = qziz∗j (i ≠ j),
z∗i zi = ziz
∗
i + (1 − q2)∑
j>i
zjz
∗
j ,
n∑
i=1
ziz
∗
i = 1.
The algebra C(S2nq ) of the 2n-dimensional quantum sphere is defined as the quo-
tient of C(S2n+1q ) by the ideal generated by zn+1 − z∗n+1 [10, Section 5].
There is also a surjective homomorphism from C(S2nq ) to C(S2n−1q ). These
surjections C(Sn+1q ) → C(Snq ), denoted by ι#, correspond to the embedding of Sn
as an equator in Sn+1.
The map zi → −zi for i = 1, . . . , n+ 1 defines an action of C2 on C(S2n+1q ), which
descends to C(S2nq ). The homomorphisms ι# are C2-equivariant.
The K-groups of the quantum spheres are computed as [10, 30]
K∗(C(S2n−1q )) ≃ Z⊕ Z, K∗(C(S2nq )) ≃ Z2 ⊕ 0.
Thus, these invariants are isomorphic to the classical case.
The action of T × (T /TL) ≃ U(1)n on C(S2n−1q ) is given by
(λ1, . . . , λn).(z1, . . . , zn) = (λnλ1z1, λnλ1λ2z2, λnλ2λ3z3, . . . λnλn−1zn).
Hence it is the separate gauge action up to a finite cover.
Proposition 13. Let n be any integer greater than 1. The algebra C(S2n−1q ) of
odd quantum sphere is KK
U(1)n
-equivalent to C(S2n−1).
Proof. This follows from Theorem 1, applied to the Poisson–Lie subgroup SU(n−1)
of SU(n) (see Example 2). 
Let A be a C∗-algebra whose K-groups have finite rank over Z. The Lefschetz
number Lef(x) [7] of an element x in KK 0(A,A) is the alternating trace of the
linear map on the graded vector space K∗(A)⊗Q induced by x.
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Proposition 14. Let H be a finite group, and M be a closed manifold endowed
with a free action of H. Then, for any element x of KKH(C(M),C(M)), the
Lefschetz number of x is an integer divisible by the order of H.
Proof. We may assume that M is a Riemannian manifold endowed with an H-
invariant metric. Let Cl(M) be the associated Clifford algebra bundle overM , and
let ΓCl(M) denote the Z/2Z-graded C∗-algebra of its continuous sections. Then
by functoriality ΓCl(M) becomes an H-algebra.
There are elements
∆ˆ ∈ KKH(C,ΓCl(M) ⊗ˆC(M)), ∆ ∈ KKH(C(M) ⊗ˆΓCl(M),C)
which satisfy the Poincare´ duality equations [11]
(∆ˆ⊗ IdΓCl(M))⊗ΓCl(M) ⊗ˆC(M) ⊗ˆΓCl(M) (IdΓCl(M)⊗∆) = IdΓCl(M)
and
(IdC(M)⊗∆ˆ)⊗C(M) ⊗ˆΓCl(M) ⊗ˆΓCl(M) (∆⊗ IdC(M)) = IdC(M) .
We recall that ∆ is defined as the composition of the product map
m∶C(M) ⊗ˆΓCl(M)→ ΓCl(M)
and the element [D] ∈ KKH(ΓCl(M),C) represented by an H-equivariant elliptic
operator D on the graded Clifford module ∧ev(M)⊕ ∧odd(M).
Let Σ be the flip map from C(M) ⊗ˆΓCl(M) to ΓCl(M) ⊗ˆC(M). By [7, Theo-
rem 6], we have the equality
(26) Lef(x) IdC = ∆ˆ⊗ΓCl(M) ⊗ˆC(M) (IdΓCl(M)⊗x)⊗ΓCl(M) ⊗ˆC(M) Σ∆
for any x ∈ KK (C(M),C(M)).
Now, let ξ be a Clifford module representing the element
∆ˆ⊗ΓCl(M) ⊗ˆC(M) (IdΓCl(M)⊗x)⊗ΓCl(M) ⊗ˆC(M) Σm ∈ KKH(C,ΓCl(M)).
Then the right hand side of (26) is equal to the index of the twist Dξ of D by ξ,
which is again an H-equivariant elliptic operator onM . Thus, we obtain an elliptic
operator D̃ξ on the quotient manifold M/H induced by Dξ. We have the equality
Ind(Dξ) = ∣H ∣ Ind(D̃ξ) as in [1], which proves the assertion. 
Theorem 3. Let n be any positive integer. For any value of 0 < q ≤ 1, there is no
KK
C2-morphism from C(Snq ) to C(Sn+1q ) which induces a unital homomorphism
on the K0-groups.
Proof. The antipodal map on C(S2k−1q ) can be realized as the action of −1 ∈ U(1)
with respect to the right translation action on C(SUq(k)/SUq(k−1)). By Proposi-
tion 13, we have a KKC2-equivalence between C(S2k−1q ) and C(S2k−1). By Propo-
sition 14, the Lefschetz number of any x ∈ KKC2(C(S2k−1q ),C(S2k−1q )) must be an
even integer.
Now, suppose that n is odd, and that φ is a C2-equivariantKK
C2-morphism from
C(Snq ) to C(Sn+1q ) which is unital on K0. Then the composition φ⊗C(Sn+1q ) [ι#] is
a C2-equivariant morphism from C(Snq ) to itself. The map on K∗(C(Snq )) induced
by φ ⊗C(Sn+1q ) [ι#] factors through K∗(C(Sn+1q )), which is trivial in the odd part.
Hence the graded trace of φ⊗C(Sn+1q ) [ι#] on K∗(C(Snq )) becomes equal to 1, which
is a contradiction.
EQUIVARIANT COMPARISON OF QUANTUM HOMOGENEOUS SPACES 19
Next, suppose that n is even, and let φ be a C2-equivariantKK
C2-morphism from
C(Snq ) to C(Sn+1q ) which is unital on K0. Then the composition [ι#] ⊗C(Snq ) φ is
a C2-equivariant morphism on C(Sn+1q ). Analogously to the above argument, we
obtain a contradiction in this case as well. 
The following is an analogue of the Borsuk–Ulam theorem for quantum spheres.
Corollary 15. For any 0 < q ≤ 1 and any integers n <m, there is no C2-equivariant
unital ∗-homomorphism from C(Snq ) to C(Smq ).
Proof. We argue by contradiction. Suppose that there is a C2-equivariant unital
∗-homomorphism ψ from C(Snq ) to C(Smq ). Then, by composing with iterations
of ι#, we obtain a equivariant unital homomorphism φ from C(Snq ) to C(Sn+1q ).
The class of φ in KKC2(C(Snq ),C(Sn+1q )) induces a unital homomorphism on the
K0-groups, which contradicts the above theorem. 
Remark 16. It also follows from Theorem 3 that different dimensional quantum
spheres cannot be C2-equivariantly equivalent. (This also follows from the explicit
computation of K∗(C(Snq )C2) carried out in [10].) Indeed, when φ is a KKC2-
equivalence between C(Smq ) and C(Snq ), the parity of m and n has to be the same.
Ifm is odd, clearly either φ or −φ has to be unital onK0(C(Smq )) = Z[1]. Whenm is
even, using the extension [10, (5.1)] for ι#, the subgroup Z[1] ofK0(C(Smq )) can be
characterized as the trivial submodule of the induced action of C2 on K0(C(Smq )).
Thus φ or −φ has to be unital on K0 in this case as well.
Remark 17. A classical result of Gottlieb [8] states that, when M is a free G-
manifold which is a homotopy retract of a finite CW-complex and f is an equivariant
self-continuous map on M , the Lefschetz number of f is divisible by the order of
G. Proposition 14 can be seen as a generalization of this to the equivariant KK -
morphisms in the compact manifold setting. It would be interesting to know to
which extent Proposition 14 can be generalized. For example, a result of Casson
and Gottlieb [5, Theorem 4] establishes an analogous statement for equivariant self
continuous maps of compact spaces of finite covering dimension endowed with a
free action of a finite cyclic group. This implies that there is no C2-equivariant
continuous map from the suspension SX to X when X is such a free C2-space.
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